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For a function fe C*[ —1,1] with 1 <r< o inflection points and sufficiently
large n we construct an algebraic polynomial p, of degree <n satisfying
JUx)pa(x}20, xe[ —1,1], and such that /" —p'"|, < C“n‘“"ww( " nhy,
v=0, 1, 2, where C,=Cy(r), v=0, 1, C, = Cx(r)/./1 —a* (« is the point of inflec-
tion nearest to +1), and w,{ f”, 7~ ") denotes the Ditzian-Totik modulus of con-
tinuity of /" in the uniform metric. € 1995 Academic Press, Inc.

1. INTRODUCTION AND MAIN RESULT

Our prime interest in this paper is comonotone and coconvex polyno-
mial approximation, that is, approximation of a function f which is
piecewise monotone (or piecewise convex, Le., has finitely many inflection
points) by polynomials which are comonotone {or coconvex) with f. Let
11, denote the set of all algebraic polynomials of degree <n, | || :=1{ ||
denote the uniform norm and ¢(x):=./1 — x% Recall that the m-th order
Ditzian-Totik modulus w7(f, J) and the usual modulus of smoothness
w™( f, 0) are given respectively by (see [2], for example)

wp(f.o)= sup |47, (fix)| and  @"(fd)= sup [47(f x)I,

O<h<d O<h<o

where

m m — i —ﬂ . . _"_VZ _
470/, %)= ,§o<i>(—l) f<" 2’””’)’ *oxegrel=Lil

0, otherwise.

is the symmetric m-th difference.
The following result on comonotone approximation of continuous func-
tions is known.
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142 KIRILL A. KOPOTUN

THEOREM A. Let fe C[ —1,1] have 1 <r < o0 changes of monotonicity
at the points {y;}'_;: —1<y,< .- <y,<1. Then there exist polynomials
pX, p¥*ell, which are comonotone with f on [ —1, 1] and such that

If—pXI < C*(r, d(r)) w*(f,n™ ) (1
and
Nf=pX N < C**r,dp) w,(fin "), (2)

where d(r) :=min{y; + 1, y,— ¥y, s ¥, —V,_1, 1 —»,} and dy :=min{y, + 1,
11—y}

For piecewise monotone differentiable functions we have the following.

THEOREM B. Let fe C'[ —1, 1] have 1 <r < oo changes of monotonicity
at the points {y.}i_,: —1<y,< .- <y, <. Then for each n>1 there is
a polynomial p, € I1,, comonotone with [ and such that

If—pall S Clr,doy n™'w (f',n~") (3)
and
I/ =Pl SClr,do) w, (f,nY), (4)

where dy:=min{y, +1,1—y,}.

Theorem B and the estimate (2) in Theorem A were proved by D.
Leviatan [S5]. Estimate (1) is due to A. S. Shvedov [13] and X. M. Yu
[16]. It was also shown by A. S. Shvedov [ 13] that the constant C* in (1)
can not be replaced by that independent of d(r). Moreover, the estimate (1)
is exact in the sense that ®? can not be replaced by w® This is an
mmmediate consequence of S. P. Zhou [17].

Other relevant results can be found in [1, 3, 6-12], for example.

Thus, for comonotone polynomial approximation there are quite a few
satisfactory results. At the same time, it seems that little is known about
coconvex approximation. The only direct results of this type which we are
aware of at present are the following.

(i) R. K. Beatson and D. Leviatan remarked in [1] that it is
possible to obtain Jackson type theorems for coconvex approximation of
functions with only one inflection point.

(ii)) X. M. Yu [15] obtained a Jackson type estimate of coconvex
approximation of a function with one regular convexity-turning point.
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(i1) Also, in [15] X. M. Yu quoted her result on coconvex
approximation of differentiable functions (which are at least in C*[ —1, 1])
with some extra conditions on convexity-turning points.

The goal of this paper is to present a result on coconvex approximation
which is analogous to Theorem B. Namely, we prove the following
theorem.

THEOREM 1 (Coconvex Approximation). Let feC’[—1,1] have
I<r<oc inflection points at {y}i_,: —l<y, <. <y, <l, dy:=
min{y,+ 11—y} and dir):=min{y, +1, y,—yi, o ¥, —=¥,_1, 1 —=p,}.
Then there exists a constant A = A(r) such that for each n> A(r)/d(r) there
is a polynomial p, € I1,, satisfying f"(x) pn(x) 20, xe[ —1, 1] and such that

| f—pall SCryn 0 (f",n~"), (3)
If =pull SCryn~ e (f",n~") (6)
and

C(r)

I/ —=pal S\/CTO

CoRrOLLARY 2 {(Comonotone Approximation). Let f be the same as in
Theorem B. Then there exists a constant A= Alr) such that for each
n> A(r)/d(r) there is a polynomial p,ell, satisfying f'(x)p,(x)=0,
xe[ —1,1], and the following inequalities hold:

If=pall SCryn oo (f, n 1) (8)

w, (" n"). (7)

and

v )

I =Pl < ==
Vo

 (fn ). 9)

2. DEFINITIONS AND NOTATION

Throughout this paper we use the following notation (cf. [4, 11, 12]):

1—x? 1
I=[~-1,1]; A"(x);z.\z__‘__l__z_;
n n

Jn ) . jn o= )
=cos—, 0<j<n, X=X ,i=cos | ——— |, 1<j<n;
n n 2n
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] n
x?:=x° :=cos<j—n—- if j<n/2,
g n 4n J<nf

w3
x%:=x7, :=cos <j£—£) if j=n/2;
Li=1 =[x, x_ (] hii=h;,:=x,_,—X, 1<j<n
(note that ;. <3h; and 4,(x) <h;<54,(x) for xel)).
Also,

1,(x) =1, ,(x) :=(x—x}) ~? cos® 2n arccos x + (x — X;) ~* sin’ 2n arccos x

is the algebraic polynomial of degree 4n —2 (see [11, 12], for example).
If

[

k
1 )V TT (v—a) T1 (6.~ ») dv,
i=1

i=1

1
In, p;ay, ..., a,;by, ... b) :=J

then for a;< x;, 1 <i<m, b,;2x;_,, 1 <i<k and sufficiently large u

Tin,u;ag, ... a,; by, .., bi)(x)

_=j";,t,-(y)" o (y—a) Hf:](bi—y) dy
' IT(n, g5 0y, .y @ by, s b))

is the algebraic polynomial of degree 2u(2n — 1) +m + k + 1, which is well
defined because I7(n, u;a,, .., a,;b,, .., b;) is positive for large u (see
Proposition 4).

If m=0 or k=0, ie, if there are no a/s or b/s in the definition of T},
we use the notation T,(n, u; &: by, ... b }x) or Tin, u;a,, ... a,; FKx),
respectively. Thus, for example,

ot .__filtj(y)“ i (bi—y)dy
L5 23 b1, - b)) o= L T (b= y) Ay

We also denote

h; 1 if x=2x,
V= Vi = alx) = Ix—xjj»l +h 140 = {0 otherwisej:"
-1 if f(x)<0,
sgn( f(x)) =<0 if flx)=0, and sgn, (x) ;=sgn(x —a).
1 if f(x)>0.

C are positive constants which are not necessarily the same even when
they occur on the same line. In order to emphasize that C depends only on
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the parameters v,, ..., v, we use the notation C(v, .., v,). At the same time,

A(r) denote constants which depend only on r and remain fixed
throughout the paper.

3. AUXILIARY STATEMENTS AND RESULTS

ProrosiTiON C (See [4, 11, 12], for Example). The following inequalities
hold:

min{(x—x}) 7% (x— %) 7} < (x) <max{(x —x)) 7%, (x—xX;) "}, xel,

(10)
tj(x)<103hj*2, xel, (11

X; 1 1 3
xj(.)—xj>rj \J>Zh,, \J~1_fj>‘hr f/—xj)gghf Jor Jgg’
(12)

x, —x 1 1 3
x,-,;—xf>xj'lz ‘J>Zhj, \j—xj>zhj, xj"—fjgghj Jor />g
(13)

and

(Jx—=x,1+A;)2<1(x)<4-10°(|x — x,| + h;) 72, xel (14)
J J J g J

The following proposition can be easily verified either by straightforward
computations or by induction on v.

PROPOSITION 3. Let v be an integer, p=v+2 and ¢;21,>0, 1 <i<v.
Then the following estimates are valid:

1
p—1

_2 .
p—v—1 !

RN

o v
Cl---cvt(')“’<_[ 177 [] (e;+ 0 de <
f

i=1
The following result is a generalization of Proposition 2 of [4].

PrROPOSITION 4. Let 1 <j<n be fixed. Then the following inequalities
hold:

123 k —1
Cu)<I(np;ay, .. a,; by, ., b k! <H (x;—a) [] (b,»—xj)>
i=1

i=1

< Clp),
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where a, < x;, 1 <i<m, b2 x;_,, 1 <i<k and u is sufficiently large in com-
parison with k and m ( for example, u = 5(m + k + 1) will do).

Proof (cf. [4,11]). The proposition will be proved for j < n/2. For j > n/2
the proof is analogous with the only difference that instead of (12) one should

use (13).
We write
Xj x—1 1
”}(niﬂ’al”amsbla’bk):{J +J‘ +J. }:@l+@2+@3
—1 x; x—1

Now denoting [17_, (x;_, —a,) IT:, (b,— x;) by I';, and using estimates
(10)-(12), we have

0> < T x;_ 1~ X;) 103“/1;2“ =10%T,, b *!
and

5 m k ) , _ ,
0.2, TT (x¢—a) I] (b,— %) min{(y—x3) "%, (y—%) ¥} dy

i=1 i=1

24775, [ min{(y—x0) 7%, (y— %) ) dy

2

22# ] 4-m—kum-1_1) ﬂmk(-fj—xf)‘z“+l

4 ex -1 8y fowl

= —m - w—1_ ° r‘m =y '
2u—1 ( )<3> ich

Similarly, Proposition 3 and the inequalities (12) yield

xj m k
180 < | 4 I1 Iy —al I (b, =y dy

- i=1 i=1

Xj ” k
<J l(xj(-)_Y)‘zl‘ H (‘xjfl_ail'(”x})_y) n (lbi“le+x?_Y)d}’

i=1
o
gvf
0
)

i=1

m k
t_z'“l—[(lxj-,l—a,'l“i‘t)n(lbi_xfl+t)dt
i=1

XX i=1

m+k

-2,
ST Dl ) T

2m+k

21 —2u+1
<4 Fj,,,khj

u—m—k—1
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and

1 k
os1<f  po T (r=a) TT 16,= 31 dy

i=1 i=1

1 k
SJ =X 2/‘1_I(|V,—l ai|+y—fj)H(lbi—'\‘jll‘y—f_,‘)dy
i=1 i=1
o k
f T Ux, oy —a+0) [T Ubi— x| + 1) de
Xj-1— X r—] i=1
2m+k .
Su—m— k=1 o T H
2m+k
<42;17] h "u+1
u—m—k—1 Lo
Hence,
24;1+m+k~1
T, 5 @y ey @i by b ) RPN () ™ S HO¥ o ——— < 1O

2u—m—k—1
Finally, the inequalities in the other direction are the following

Hi(nﬂﬂ; Ayy oy am;bl""i bk)h-,“—l( '"k)

2 8 2u—1 24p+m+kfl
____4 m—ka2u—1 _ 1 = ——— >
“2u—1 (2° )<3>

LEMMA 5. Let a,<x;, 1<i<m, b;2x; |, 1<i<kand 1 <j<n be a
fixed index. Then for thepol)nomtal Ti(x):=T;(n,pu;ay, .., a4, by, .., b)x)
of degree <dun+m+ k the following inequalities hold:

T} ()] < Clu) p2 =", (15)
and
() = Ty(x)] < Cla) y2 7+ =1, (16)

where pz5(m+k+1), xel
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Proof. Proposition 4 and the inequalities (14) imply for any xe/

m k
|7/ (x)] < Clu) t{x)* b}~ H ﬂ

i=t X1 \’I

, "' x—x,|+h  h
SC(ﬂ)lpf‘lh;l H <1+|’C ’Cj|+ Y / a|>

i=1 % hbl_r

k
[x—x;|+h;, &
1 J J ]
XH( T lb.-~x,|>

i=1 J

< C(/l) I//j'?ﬂh;l(l + wjfl)nu—kg C(/l) lpj?ufm—khj—l,

which is the inequality (15).
To prove the remaining inequality (16), first, we consider the case x < x;.
The estimate (15) implies

() = T,(x)| = | T ()| = U T (y) dy

SC(,u)hjf_!‘u—m—k—l f (',‘.j_y,+hj)A2;z+n1+k dy

— A

<C l//2,11 m— kfl

For x > x;, similarly, we have
1
12,06 = ()] = 11 = Ty(x)| =H‘ T,-'(y)dy‘

Sc(ﬂ)hjz»ﬂimik*lj J(y—,xj+hj)_2y+"’+kdy

LY

< C(/l) l//;?ﬂ_m—k_l.

Thus, the inequality (16) is also verified. J

Usmg the identity sgn, (x)=2y;(x) — | a.e. we conclude that the polyno-
mial T( ): —2T(*<)—1 sufﬁcxently approximates sgn, (x). Also, it is easy
to see that T (x) is increasing on /,. Later on we will need similar polyno-
mial (it w111 be denoted by Qj(v)) which satisfies one extra condition:
sgn(Q;(x)) = sgn,(x) for some a eI, (In other words, we want the polyno-
mial not only approximate sgn,(x ) and be mcreasmg on [;, but also be
copositive with sgn,(x)). Our construction of T, +(x) does not immediately
yield this equality. However, T (x) can be reﬁned to satisfy it. Namely, the
following lemma is valid ( note that we assume @, <Xx;,,, 1<i<m,
bizx;,_,, 1<i<gk).



COCONVEX POLYNOMIAL APPROXIMATION 149

LEMMA 6. Let n and 1 <j<n be fixed, a,<x;,,, 1 <i<m, b;=2x,_,,

1<i<k and ael,. Then there exist numbers A=2", ve A" and 0 << 1
such that for the polynomial

Qi(x):=Q,(n, p,x;ay, @, by, b )(X)
=2{,T,(An, s ay, . s by, B )(X)
+ (1 =T (An, p; ay, .y @ byy o, b (X)) — 1,

where indices j, =j,(A) and j,=j,(A) are chosen so that x; 4,=X;,, and
X X,;_ 1. the following is true

.jz.An
m k
Qj’(’c) H (x—a;) H (b;—x)=0,
i=1 i=1
in particular, Qi(x)increasesonl; VL VI, _ |, (17)
lsgn,(x) — Q(x)| S C(u) gm0, (18)
lsgn (x)— Q. (x)<2/3, x¢ I, ,vl,ul_,, (19)
Qi(x) sgn,(x) 20 forall xe[~1,1] (20)
and
Q) < Clu)y Y3~y (21)

Proof. First of all, denoting n, := An we obtain the following conse-
quence of Lemma 5 for any x ¢ I, , (note that y, . (x)=x,(x)for x¢ I, )

[x;(x)—T;(x)|

h- 2pi—m—k—1 h 2u—m—k—1
SC(#)( 1. M > SC(”)( S, )

lx =%, 0l +h, hi/12+ h,

h_ m 20 —m—k—1 n 2u—m—k—1 C 1) 1
<C(;1)<*’7'1'-—> SC(#)(’T) =F%ﬂ<§
] 3

J

for sufficiently large A.
Analogously, for any x ¢ I, _, choosing n, to be large in comparison with
n one has

| (Y} T ( -)l <C( )< hjz.m >2/lmk__1
Xj—1lo wlx) s Clu X =% _ 1| +h, .

h‘»n pt—m—k —1 n Qu—m—k—~1
<C(u)<—’}l‘—‘> <C(/1)<n~>
13

s

Clu) 1

_AZjA*Iﬂ-*k*l <§
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Now let A be fixed and such that the above inequalities are satisfied.
Since a e/, we have, in particular, 7,(x)>2/3 and T, («)<1/3. Hence,

there exists 0 <& <1 such that Q;(a) =2{¢T, (a) + (1 = &) T(a)} —1=0.
The above estimates yield

Isgn(x)— Q(x)| <2/3, x¢ 1, 0L,

which is the inequality (19).
Now note that (18) and (21) are immediate corollaries of Lemma 5,
the fact that ¢,~C, xel,,,wl;ul,_, and the observation that

max{y, V), m} <1047y, (see [4, ineq. (62)], for example).

FiIERO N
Finally, using the definitions of Q,(x) and T;(x) we have

0 (x)
2
={&T;(An, i a,, . a,; by, ., b)) (x)

+(1 =& T/ (An, 5 a,, .., a,; by, ... b)(x)}

3

d

k
= (x—a;) H (b;—x)

i=1

étjl.An(X)!l + (1 _5) tj:_ A,,(X)'u :'
I (An,psay, .a,; by, by) I (An psay, .a,; by, b))

Since the expression in square brackets is always positive (see
inequalities (14) and Proposition 4) we conclude that Q;(x) is copositive
with TT7_, (x—a,) [T_, (b;—x). In particular, since ¢,<x;,,, 1<i<m
and b; 2> x; ,, 1 <i<k, Q;(x) increases on I, ul,u/,_,. Together with

(19) this implies (20). |

4. PROOF OF THEOREM 1

We use the method from [1] and [S] and prove Theorem 1 by induc-
tion on r, the number of inflection points. For r =0 Theorem | becomes a
theorem on convex approximation which is a simple consequence of
Theorem 2 of [4]. Let us assume that (5)—(7) are valid for functions with
r— 120 inflection points. Let fe C’[ —1, 1] have r < oo inflection points
at {y;};_,: —l<y <. <y,<l. Without loss of generality we can
assume that f"(x)=0, xe[ —1,y,]. We fix one of y/s. In fact, it is not
important which one to fix, but notation and considerations are simpler for
y,=:a (also, if r=1 it 1s convenient to denote y,:=y, :=1). We can
assume that f(a)=f"(a)=0 (subtract a linear function from f which,



COCONVEX POLYNOMIAL APPROXIMATION 151

obviously, has no effect on convexity). Since fe C? and « is an inflection
point, then f"(a) =0.
Following [ 1] we define the “flipped” function

Ao flx) if xza
ﬂx)“{—f(x) it x<a

Then feC[—1,13, f(a)=f"(a)=f"(x)=0 and f has r—1 inflection
points at y,, .., y,, and also, as was shown in [5],

o (f" < Car,(f", 1), 1>0. (22)

By induction hypothesis there exists a constant A(r—1) such that for
each n>A(r—1)/d(r)= A(r — 1)/d(r —1) there is a polynomial g,€/ll,
such that f” X) gn(x) =0, xel, and the inequalities (5)—(7) hold forfand
q, (since f (¢) =0, increasing the constant in (5) we can assume that
qulx)=0).

Now we fix n > max{A(r — 1)/d(r), 50/(y,—a), 50/(<x+ 1)} and consider
corresponding decomposition of [ —1,1}: I={)]_ i [xnx, 0]
Let index j, be such that ae[x,,x; ). Then x; , > —~ 1 and Xy-a<Va,

[-1.a«] and [« y,] contain at least three intervals /; each. This
implies in particular, that ¢(x)>=n"" and, therefore 2(p(a)>nA,,(cz).

Now we consider the algebraic polynomial p,(x) := |} p,(») dy such that

Dl ) =(qn(x) — gulo)) V. (x)+ g, {a) W, (x),

and show that it is possible to choose polynomials V,(x) and W, (x) so
that p, is coconvex with f and the inequalities (5)—(7) are satisfied. We
claim that the following properties of ¥, and W, are sufficient for cocon-
vexity of p, with f:

(1) Vix)sgn,(x)=0, xel,

(i) V, is Coposmve with (g,(x)— q,(2)) gn(x) sgn (x),
e, (§,(x) —qu(2)) gu(x) Vi(x) sgn,(x) =0, xel,

(1ii) W’ is copositive with f”(x) sgn(q.(«)), i.e., f7(x) W,(x) sgn(g,(a))
=20, xel

Indeed, using these properties, the inequality F"(x) ¢"(x)=0 and the
definition of f we have

sgn{ p,(x) f7(x)}
=sgn{(q,(x) — g(a)) V(x) f"(x)
@ X) V(X)) f7(X) + gofa) Wi(x) f7(x)}

640:/83:2-2
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2 sgn{(,(x) — gy(@)) Vo(x) f"(xX) + g;(x) V,(x) f7(x)}
:Sg“{(‘]:z(—Y)_‘I::(“) ’( qn \)Sgn )
+ (g5 (x))? V,(x)sgn,(x)} >0.

Therefore, it is sufficient to construct polynomials V,(x) and W, (x)
which satisfy conditions (i)—(iii) and also (as we will see later) sufficiently
approximate sgn,{x).

Using Lemma 6 we conclude that the polynomial

W(‘C) {an-#—" n, i, ~“Ju+”@ Prsen) )(\) if (1;,(0()20.
Qs oA p Xjy 53 Y15 Vs ¥ IX) if ¢ (x)<0.
satisfies condition (1ii).

Indeed, it is clear that f”(x) is copositive with T]/_, (y;, —~x). Lemma 6
yields that if ¢)(a)>=0, then W,’,(\) Qo2 X5 23 @; Pis oo ¥(X)
is also copositive thh [T,_, (y;—x) and, therefore, with f"(x). If
g{2) <0, then W (x)=0Q; 7(n M Xjo 23 V1 Vae o ¥, )(X) IS copositive
with (,\'—)rl)ﬂ,ﬁ_(_ — x} and, hence,

sgnf{ Wi(x) f"(x)} sgn{q,(a)}

= —sgn{ W,(x) ["(x)} = —sgn {— I1 (,1‘,-—.\')2} >0.

Thus, (it1) is satisfied.

To construct V,{x), first, we note that since ¢, (x) changes sign only at
Vi, .., V,, the function ¢(x)—¢,(a) is monotone on each of the intervals
[—Ly.}L [y, 1T and [y, 3,0, 2<i<r—1 Thus, g,(x) — g,(«) has at
most one zero in each of these intervals. Moreover, it changes sign at every
zero different from y;, 2 <i<r (Note that ¢,(x) — ¢/ (o) vanishes on some
subinterval only if ¢,(x) i1s a linear function. Since this case is trivial,
everywhere below we assume that g,(x) is a polynomial of degree >2).
Using this and also the inequality ¢, (x) <0, —1 < x <y, we conclude that
the function (g,(x)—gq,(x))qg,(x) 1s nonpositive for —1<x<a«, non-
negative for « < x <y, and has at most 2(r — 1) changes of sign on [ y,, 1]
(we denote these points in increasing order by f,, f,, .., {<2r—2
and note that f,=y,). Hence, (g,(x)—¢q.,(a))ql(x) is copositive with
(.’C—CX) {=1(,B —X).

Now we define

VX)) = Qfn, u, &5 & By, ooy BX).
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Condition (i) immediately follows from (20). Using (17) we conclude that
V’(x) is copositive with TT'_, (8, — x). Therefore,

i=1

sgnd (g,(x) — g, (%)) gn(x) V,(x) sgn(x)}

!
=sgn {(.\'—:x) sgn,(x) ] (,B,—x)z}>0,
- i=1

and (ii) is also satisfied.

Thus, p,(x) is coconvex with f{x} and it remains to verify the inequalities
(5)-(7).

Using [ 5], properties of w,,, inequality (22) and recalling that 2¢(«) >
nd,(x) we have the following estimates for any x e /:

, ] . a2 1% —
If”(x)l=|f”(X)—f"(<X)1qu,(f", X al)

pla)
4 x—a| +h, x—x;|+h, P
e R e e )
n Ju
=Yy o ([ < C o " n 7 (23)

and

L' (x)) = | 7(0) = f () = |x —af | /()]

o h
<Clx—af [E= Xl + b, KI;O‘ + w (", n™h)

Jo

Ix —x;, | +h, w1
S CUx = x| +hy) =L 0, (", n ™)

Jo
<Cn YW o f" n", (24)
Jo (4

since |x —a| 2| —af.

Now we choose u so that all the conditions above are satisfied. For
example, u = 15r will do. However, because this choice of ¢ is not impor-
tant we will continue to write u keeping in mind that g = u(r).

Using (23), (24) and also the inequalities |V,(x)| < C(u)¢hh, ',
WL < Cln) ke Isgng(x) — V()| < Clu) ¥z and [sgn,(x) — W, ()]
< C(p) 4, which follow from the definitions of V, and W, and Lemma 6
{since ¥, ~, ., i=1,2 and |sgn,{x)—sgn,  (x)|<C(u)y}), we have
the following estimates:

Njp+?
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1" (x) = pa(x)]
—l(f"(x — (X)) sgn,(x) + g, (x)(sgn,(x) — V,(x))
— (g (x) = g (2) Vo(x)—gi(2) W(x)]

<) —qr(x)] (1 + lsgna(n—wxn
)] + lf'(x) — @ ()] V()]

+ /()] [sgn,(:
+ /(@) = g(@)] (Vo) + | Wx)]) + | 71001 Vi)

1+w VR Tk

u, —1 Jo + ,_,;|+ Ju+ Jo }

ryw,(f", n ){min( TRV v ah, * Tl

1

1
<C II’ —1 { }’
(r) @, (/" n ") _min \/y2+1,ﬂ—y,)+Jl—az

since nh;, > \/ 1 —o’. Therefore,
r) Cir)

"o " —1 [ N (£ -1 .
|/ (x)— Y)l\mm(\/o? Jic W, (f" n77) \/El;ww(f ,n')
Similarly,

Lf1(x) =Pl x)]
= (" (x%) = () 58 (x) + g x)(sgn,(x) — V,(x))

+ @)V x) — W,(x))]
<Cryn o, (f" n“){l+lj/]‘l’,+l//” *}

SCryn o 0
and, using the identity j () sgn,(y) dy =q,(x) sgn,(

|f(x) _pn(x)l

=l(f( — @,(x)) sgn,(x +f gu(¥)(sgny(y) — V() dy

+ a0 [ ()= W) b

<Cryn~o,(f",n")

x {l +n r 1+, ) 2 () dy' +n f Yy dyi}
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()}
& |y*xfol+hju

r(ly—al+h,-(,)2"‘dy!}

<SCryn o f",n") {l +n

<A n o n™") {1 +nht =2

SCryn o (" n )1 +nh} <Clryn 2w f" n 1)

Finally, to complete the proof of Theorem 1 it is sufficient to recall that

ell and use properties of w_, modulus.
n Ciryn @

Remark. Although, all the proofs were given in the case when f has

finitely many inflection points, the considerations will not change if we
allow f to be linear on some subintervals. For example, if f"(x)=0 for
xel[a, fle(—1, 1), it is sufficient to fix any xq,e{«, f] as an “inflection”
point. Thus, Theorem 1 is valid for any function with finite number of con-
vexity changes.
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